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Abstract
Thinking about the Higgs field doublet Hi of the standard model as obeying, in addition to the usual 
properties, a Weyl-type equation on the Goldstone 3-sphere of the UY (1) × SUL(2) gauge symmetry, we 
study underlying features of the free parameters μ2 and λ of the classical Higgs potential. We show amongst 
others that λ may be related to the gauge coupling constants gY and gsu2 like λ = g
2
Y
2ξ ′ 2 +
g2su2
2ξ2 where ξ and 
ξ ′ are real numbers with order of magnitude discussed in paper. We show as well that at electroweak scale 
the mass of neutral Higgs may be estimated as MH  MZ
√
2 ∼ 128.7 GeV.
© 2015 Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
1. Introduction
In the Standard Model (SM) of electroweak interactions, the breaking of the SUL(2) ×UY (1)
gauge symmetry down to Uem(1) is achieved by Higgs mechanism [1–3]. In this method, the 
complex SUL(2) Higgs field doublet Hi = (H+, H−), carrying as well a unit hypercharge 
YΦ = 1, has a classical potential energy density
Vhiggs = μ2(H¯ .H)+ λ(H¯ .H)2 (1.1)
* Correspondence to: LPHE – Modeling and Simulations, Faculty of Sciences, Rabat, Morocco.
E-mail address: esaidi@ictp.it.http://dx.doi.org/10.1016/j.nuclphysb.2015.01.020
0550-3213/© 2015 Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
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coupling constant λ > 0 allowing a Higgs ground state with non-zero vacuum expectation value 
υ =
√
−μ2
2λ  246 GeV. Through the Higgs doublet couplings to the other SM fields; the Higgs 
VEV gives masses to fermionic particles as well as to the W± and Z0 gauge bosons; the W±-mass 
MW and the neutral Higgs mass MH are respectively related to the VEV as 
gsu2
2 υ and υ
√
2λ. 
Clearly, the real μ and λ, together with gauge and Yukawa couplings, are basic quantities; their 
knowledge and the conditions they should obey for vacuum stability up to very high field values 
are therefore of major importance for SM and beyond; for reviews on some of these aspects see 
for example [4–8] and references therein.
Motivated by LHC experiments on observation of a Higgs like particle at ∼126 GeV [9,10], 
and extending ideas dealing with effects induced by external fields and spin–orbit coupling in 
condensed matter systems [11,12], we focus in this paper on the underlying properties of the 
parameters μ2 and λ of the classical Higgs potential Vhiggs by using a new method of approach-
ing them. Thinking about the quartic term of Vhiggs as resulting from an underlying interaction 
manifested at the electroweak energy scale as a kind of isocurrent–isocurrent couplings1 like
λ(H¯ .H)2 = λ1(H¯ τH)2 + λ2(H τH).(H¯ τH¯ ) (1.2)
we find that the Vhiggs given by (1.1) may be interpreted as an effective Lagrangian density Leff
of the Higgs field Hi on a 3-sphere S3 fibered on space time R1,3; that is a Higgs field doublet 
living in R1,3 × S3. We find as well that, when restricting the analysis of the Higgs doublet 
to the fiber S3 with local coordinates (ψ, θ, ϕ), the quadratic mass term in the Higgs doublet 
reads as (c−−H−H− + hc) or explicitly like μ2
2[sin2 θ2 cos(ψ − ϕ)] with 
 standing for the 
neutral Higgs that we observe in space time. This quadratic term in 
 reduces precisely to the 
first term of right-hand side of Eq. (1.1) when setting ψ = ϕ and θ = π ; two relations obtained 
by solving stability conditions of the Higgs doublet on S3 fiber. We find, moreover, that the 
Higgs self-coupling constant λ can be related to the gauge coupling constants as λ = g2Y2ξ ′ 2 +
g2su2
2ξ2
where ξ ′ 2 and ξ2 are two numbers whose physical interpretation and their classical estimation at 
electroweak and Planck scales will be discussed in Sections 5 and 6 of this paper. The relationship 
λ = λ(g, g′) suggests, in particular, the existence of a link between the Higgs MH and the gauge 
bosons MW and MZ masses like the relation MH  MZ
√
2 to be derived in present study. This 
link between MH and MZ should not be viewed as a strange thing since typical connections like 
4M2H  2m2T  υ2 relating MH to the top-quark mass and the Higgs VEV are experimental facts 
of SM [8,13].
The presentation of the paper is as follows: In Section 2, we introduce useful aspects of the 
Higgs doublet Hi on 3-sphere as well as in the R1,3 × S3 fibration. In Section 3, we derive the 
Weyl-type equation satisfied by Hi living on S3 fiber; it is a particular field equation interpreted 
as a free field equation on S3; its generalization including mass and interaction terms is analyzed
in Section 4. In Section 5, we show how to extend the SUL(2) × UY (1) gauge symmetry to 
the S3-fiber and derive the effective potential modeling Higgs interactions on S3. Then we work 
out the link with the usual potential Vhiggs of the standard model viewed in the space time. In 
Section 6, we give a conclusion and make comments. In Appendices A and B, we collect some 
technical details on the hyper- and the isospin-vector fields living on the 3-sphere of the fibration. 
In Appendix C, we recall recent results on RG flows of running couplings in SM.
1 The H τH and H¯ τH¯ have two units of hypercharges contrary to the hermitian H¯ τH .
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We begin by describing useful properties of the components of the complex Higgs doublet 
Hi = Hi(x) of the standard model in 4D space time R1,3 with local coordinates x,
Hi =
(
H+
H 0
)
, H¯i =
(
H¯−, H¯ 0
) (2.1)
The charge q carried by Hq components is the electric charge associated with the Uem(1) gauge 
symmetry that survives after the spontaneous gauge symmetry breaking of UY (1) ×SUL(2). This 
conserved electric charge is given by the sum of the isospin projection Iz and the hypercharge y2
as follows
q = Iz + y2 (2.2)
Before electroweak symmetry breaking happened, the isospin Iz and hyper- y2 charges were both 
of them conserved; and the representation of the Higgs doublet had the form
Hi =
(
H+,+
H−,+
)
, H¯i =
(
H¯−,−, H¯+,−
) (2.3)
where now both conserved charges (Iz, y2 ) are explicitly exhibited on the components fields. 
After gauge symmetry breaking, the isospin charge Iz and hypercharge y2 get identified; and 
consequently the parameterization (2.3) gets reduced to (2.1). For simplicity of notations, let 
us drop out the entry for the hypercharge y2 , but keep it in mind; it will be needed in Subsec-
tion 4.2 and Appendix B when discussing properties of term mass on 3-sphere. In due time, it is 
convenient to rewrite2 Eq. (2.3) before gauge symmetry breaking occurred like
Φi =
(
Φ+
Φ−
)
, Φ¯i =
(
Φ¯−, Φ¯+
) (2.4)
From these doublets, we compute the following useful quantities
Φ¯iΦ
i = 0, εijΦiΦj = 0, εij Φ¯iΦ¯j = 0 (2.5)
with
Φ¯iΦ
i = Φ¯−Φ+ + Φ¯+Φ− = ∣∣Φ+∣∣2 + ∣∣Φ−∣∣2 (2.6)
as well as(
Φ¯iΦ
i
)2 = ∣∣Φ+∣∣4 + ∣∣Φ−∣∣4 + 2∣∣Φ+∣∣2∣∣Φ−∣∣2 (2.7)
2.1. Goldstone fields
Eq. (2.1) is the standard way to parameterize the 4 real degrees of freedom captured by the 
Higgs doublet Φi ; it has the advantage to exhibit manifestly the electric charges and it is appro-
priate for the use of Higgs mechanism.
2 We have used different letters to refer to doublet (2.3) to avoid confusion with Eq. (2.1).
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Another remarkable parameterization of the Higgs field doublet, to be developed in present 
paper, is the one where the gauge scalars Φ¯iΦi and (Φ¯iΦi)2, given by Eqs. (2.6)–(2.7), are taken 
as
Φ¯iΦ
i = 
2, (Φ¯iΦi)2 = 
4 (2.8)
with 
 = 
(x) a real space time scalar field. This scalar is precisely the neutral Higgs field of 
SM in space time; but in our formulation, 
 and its leading powers will be will be also given 
geometric interpretations allowing more insight in approaching Higgs self-interactions. The real 

 is the radius of the various spheres involved in the Hopf fibration 3-sphere
S
1 → S3 → S2 (2.9)
to be used later on. Similarly, the quadratic 4π
2 is the area (Kahler parameter) of the real 
2-sphere S2 defining the base of the fibration of the S3; and the monomial 2π2
3 is the hyper-area 
of the compact 3-sphere. Recall in passing that the above Hopf fibration may be put in one to one 
with the coset factorization of SU(2)  S3 Lie group like K × SU(2)
K
with normal subgroup K =
U(1) isomorphic to S1 and SU(2)
U(1) isomorphic to 2-sphere. If thinking about (2.8) as a constraint 
relation, the Higgs doublet Φi that solve it reads as
Φi =
(
Φ+
Φ−
)
=
(

 cos θ2e
i
2 (ψ+φ)

 sin θ2e
i
2 (ψ−φ)
)
(2.10)
where the real 
 stands indeed for neutral Higgs; and the 3 real angles ϑ = (ψ, θ, φ) for the 
Goldstone fields with ψ and φ taking values in the interval [0, 4π ] and θ in [0, π]. For later use, 
it is interesting to notice that the diameter δS1 of the fiber S1 and the area aS2 of base surface S2
are functions of the scalar field 
. From space time view, the Higgs field components Φ± scale 
as mass and so these geometric quantities δS1 and aS2 are also massive quantities; however they 
can be made dimensionless by performing a normalization as follows
δS1 = 2



0
, aS2 = 4π
(



0
)2
(2.11)
with 
0 standing for some particular value 
. In what follows, we shall think about this ad-hoc 
0
scale as of order of magnitude of electroweak scale; typically of order of Higgs VEV. Moreover, 
we shall refer to the numbers δS1 and aS2 as reduced diameter and reduced area; for the particular 
case where 
 = 
0, these numbers coincide exactly with the diameter of unit circle S1 and the 
area of unit 2-sphere, namely,
δ1 = 2, a1 = 4π (2.12)
2.1.2. Higgs doublet and external fields
Other representations obeying Eq. (2.8) may be also written down; but for interacting Higgs 
doublet (Φi)int with external fields which are not contained in the usual field spectrum of the 
standard model. A typical expression of the Higgs doublet (Φi)int that interacts with external 
complex ak , bkl and real clk fields, all of them living of the S3
 fiber, is given by(
Φi
)
int = Ω × f i (2.13)
with
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(
cos θ2e
i
2 (ψ+φ)
sin θ2e
i
2 (ψ−φ)
)
(2.14)
and
Ω = 
 exp(akf¯k − a¯kf k + b¯klf kf l − bklf¯kf¯l + iclkf kf¯l) (2.15)
By switching off the external fields, one recovers the free field expression (2.10); for explicit 
details on (Φi)int , the external fields on the fiber and other features on the 3-sphere; see the 
analysis of Section 4 and Appendix A.
2.2. Higgs doublet and S3-fibration
From the Higgs field representation (2.10), referred in what follows to as free field case on 
fiber S3, one learns a set of interesting features; in particular, the properties
∂
i∂ψ
Φ± = +1
2
Φ±
∂
i∂φ
Φ± = ±1
2
Φ± (2.16)
showing that hypercharge Y and isospin Tz operators can be expressed in terms of the Goldstone 
field variables, independently of the value of 
, like
Y
2
= ∂
i∂ψ
Tz = ∂
i∂φ
(2.17)
We also have
Y
2
+ Tz ∼ ∂
i∂(ψ + φ)
Y
2
− Tz ∼ ∂
i∂(ψ − φ) (2.18)
Recall that the Higgs field components (
, ϑ) are local space time scalar fields depending on the 
space time coordinates

 = 
(x), ϑ = ϑ(x) (2.19)
In what follows, we will fix attention on special properties of the component Higgs fields at a 
given point x of space time R1,3; and think about the above expressions as (x; 
, ϑ) where now 

 and ϑ are interpreted as local coordinates of a real 4-dimensional internal manifold H fibered 
on x; schematically
Higgs manifold H
↓
space time point x
(2.20)
Notice also that the internal Higgs manifold H is in turns given by a 3-sphere fibered on the half 
line R+ with coordinate 
,
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3

 →H→R+ (2.21)
Locally, the Higgs manifold H is parameterized by (
, ψ, θ, φ); it is isomorphic to an Euclidean
R
4 ∼R+ × S3 and so the fibration R1,3 ×H may be roughly thought of as
R
1,3 ×R+ × S3 (2.22)
In what follows, we shall mainly focus on the properties of Higgs doublet on the S3-fiber.
3. Weyl-type equation on H
Being a bosonic isodoublet obeying (2.5), one may ask what is the Weyl-type field equation 
on H satisfied by the complex doublet Φi viewed as a functional of the neutral Higgs 
 and the 
Goldstone fields (ψ, θ, φ); that is:
Φ = Φ[
,ϑ] (3.1)
In this subsection, we show that the realization (2.10) of Φi is indeed a solution of the following 
field equation on the S3 fiber of the Higgs manifold(
τ 0
∂
i∂ψ
− 1
3
τ . L
)
Φi = 0 (3.2)
where τ 0 is the 2 × 2 identity matrix and (τ) the 3 usual Pauli matrices respectively standing 
for the hypercharge Y and isospin 12 generators T of gauge symmetry UY (1) × SUL(2) acting 
on Φi . The derivative ∂
i∂ψ
is as in Eqs. (2.10)–(2.17), and L ≡ T is the usual angular momentum 
on the 2-sphere S2 ∼ S3/S1 expressed in terms of the angles ∂
∂θ
and ∂
∂φ
in the usual manner.
3.1. Harmonic field variables on S3 fiber
To derive Eq. (3.2), we use the factorization (2.10)
Φk = 
 × Fk (3.3)
where Fk is a free field on S3 precisely given by
Fk = f k
with f k the bosonic complex doublet introduced above and which is related to the angular Gold-
stone field variables like
f k = e i2 ψ
(
cos θ2e
i
2 φ
sin θ2e
− i2 φ
)
,
0 ≤ φ,ψ ≤ 4π
0 ≤ θ ≤ π (3.4)
Notice that the field f i is a unitary field doublet variable satisfying [14–17],
f¯if
i = 1, εij f if j = 0, εij f¯i f¯j = 0 (3.5)
and parameterizing a unit 3-sphere S3, namely, the Goldstone 3-sphere.
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Using the harmonic field variable doublets f i and f¯i we can build the following isovectors
on S3
e0 = f¯ τf, e+ = f τf, e− = f¯ τ f¯ (3.6)
with
(e0)† = e0, (e+)† = −e− (3.7)
obeying
e0.e0 = 1, e+.e− = −1
e0.e± = 0, e±.e± = 0 (3.8)
The sub-indices η = 0, ± on the isovectors eη stand for hypercharges; this feature captures pre-
cisely the property that on S3 lives three basic isovectors; they play an important role in our 
analysis.
The relations (3.7)–(3.8) as well as others can be either directly established by using SU(2)
tensor calculus taking advantage of (3.5); or explicitly by using (θ, φ, ψ) and by help of the 
following explicit expressions,
f¯ τ 0f = 1, f¯ τ xf = sin θ cosφ
f¯ τ zf = cos θ, f¯ τ yf = − sin θ sinφ
f¯ τ+f = 1
2
e−iφ sin θ, f¯ τ−f = 1
2
eiφ sin θ (3.9)
with τ± = 12 (τ x ± iτ y). We also have
f τxf = ei(ψ+φ) cos2 θ
2
− ei(ψ−φ) sin2 θ
2
f τyf = iei(ψ+φ) cos2 θ
2
+ iei(ψ−φ) sin2 θ
2
f τzf = −eiψ sin θ
f¯ τ xf¯ = −e−i(ψ+φ) cos2 θ
2
+ e−i(ψ−φ) sin2 θ
2
f¯ τ y f¯ = −ie−i(ψ+φ) cos2 θ
2
− ie−i(ψ−φ) sin2 θ
2
f¯ τ zf¯ = e−iψ sin θ (3.10)
as well as
f τ+f = −ei(ψ−ϕ) sin2 θ
2
, f¯ τ−f¯ = e−i(ψ−ϕ) sin2 θ
2
f τ−f = +ei(ψ+ϕ) cos2 θ
2
, f¯ τ+f¯ = −e−i(ψ+ϕ) cos2 θ
2
(3.11)
In these relations we have dropped out the isospin indices i and j ; they can be exhibited by help 
of the ij antisymmetric tensor and its inverse ji with 12 = 21 = 1. For later use, notice that 
for the Higgs doublet Φ , we have
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2
Φ¯ τΦ = 
2f¯ τf
Φ τΦ = 
2f τf
Φ¯ τΦ¯ = 
2f¯ τ f¯ (3.12)
where 
 appears as a scaling field.
3.1.2. Higgs mass terms on S3 fiber
Using the explicit relation of the Φ± components in terms of the neutral 
 and the field angles 
parameterizing the Goldstone sphere, we can write down several kinds of typical “mass terms” 
for the Higgs doublet on S3. However, the relevant ones for our study are those that break gauge 
symmetry down to Uem(1); they are given by(
Φ+
)2 = 
2ei(ψ+φ) cos2 θ
2(
Φ−
)2 = 
2ei(ψ−φ) sin2 θ
2
(3.13)
together with their complex conjugations. The combination of these relations gives, in particular,
(
Φ−
)2 + hc = 2
2 sin2 θ
2
cos(ψ − φ)
(
Φ−
)2 − hc = 2i
2 sin2 θ
2
sin(ψ − φ) (3.14)
they are quadratic in the field 
; but highly non-linear in the Goldstone fields. For later use, notice 
the following features:
• Eqs. (3.14) have no dependence into the field combination (ψ + ϕ).
• they break the UY (1) × SUL(2) gauge symmetry down to Uem(1).
• for the particular locus on the 3-sphere
ψ = ϕ, θ ∈ [0,π] (3.15)
describing the identification of hypercharge and isospin, the component Φ− becomes real
Φ− = 
 sin θ
2
(3.16)
Moreover, on this locus, only the first relation of (3.14) survives; it will be related in Section 4
with the mass term on S3 that breaks UY (1) × SUL(2) down to Uem(1); see also Eq. (5.33).
3.1.3. UY (1) × SUL(2) generators on fiber
Using the harmonic field doublet variables, we can rewrite the various quantities living on S3
in terms of f i and f¯i . For example, we can express the generators Y and T of the UY (1) ×SUL(2)
gauge symmetry in terms of derivatives with respect to the harmonic field variables. For the 
commuting hypercharge ∂
i∂ψ
and isospin charge ∂
i∂φ
operators, we have
∂
i∂ψ
≡ 1
2
∇0
∂ ≡ 1Dz (3.17)
i∂φ 2
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∇0 = f τ 0 ∂
∂f
− f¯ τ 0 ∂
∂f¯
Dz = f τz ∂
∂f
− f¯ τ z ∂
∂f¯
(3.18)
Explicitly
f τm
∂
∂f
≡ f i(τm)k
i
∂
∂f k
f¯ τm
∂
∂f¯
≡ f¯ i(τm)k
i
∂
∂f¯ k
(3.19)
but below these indices will be understood. For the two other isospin generators, we have
D+ = f τ+ ∂
∂f
− f¯ τ+ ∂
∂f¯
D− = f τ− ∂
∂f
− f¯ τ− ∂
∂f¯
(3.20)
Altogether, the 4 operators ∇0 and Dz,± satisfy the commutation relations of the underlying Lie 
algebra of the gauge symmetry, namely,[
D+,D−
]= Dz[
Dz,D±
]= ±D±[∇0,D±,z]= 0 (3.21)
Using the projectors Γ± = (I ± τ z), we also have
∂
i∂ψ
+ ∂
i∂φ
= fΓ+ ∂
∂f
− f¯ Γ+ ∂
∂f¯
∂
i∂ψ
− ∂
i∂φ
= fΓ− ∂
∂f
− f¯ Γ− ∂
∂f¯
(3.22)
We have as well the following useful relations
∇0f i = f i, ∇0f¯i = −f¯i
Dzf i = (τ z)i
k
f k, Dzf¯i = −f¯k
(
τ z
)k
i
D+f i = (τ+)i
k
f k, D+f¯i = −f¯k
(
τ+
)k
i
D−f i = (τ−)i
k
f k, D−f¯i = −f¯k
(
τ−
)k
i
(3.23)
and
Da
(
f¯ τ bf
)= −2iεabcf¯ τ cf
Da
(
f τbf
)= −2iεabcf τ cf
Da
(
f¯ τ bf¯
)= −2iεabcf¯ τ cf¯ (3.24)
satisfying amongst other relations the following ones
E.H. Saidi / Nuclear Physics B 893 (2015) 158–186 167D.(f¯ τf ) = 0
D.(f τf ) = 0
D.(f¯ τ f¯ ) = 0 (3.25)
3.2. Field equation on S3 fiber
With above tools at hand, we turn now to establish the Higgs field (3.2) on the 3-sphere S3. 
Using the expression
Φi = 
e i2 ψ
(
cos θ2 e
i
2 φ
sin θ2 e
− i2 φ
)
(3.26)
and
∂
i∂ψ
≡ 1
2
∇0
L±,z ≡ 12D
±,z (3.27)
we have
∇0Φi = Φi
DqΦi = (τq)i
k
Φk, q = ±, z (3.28)
from which we learn(
τ 0
)k
i
∇0Φi = Φk(
τq
)k
i
D−qΦi = 3Φk (3.29)
and then[(
τ 0
)k
i
∇0 − 1
3
(
τq
)k
i
D−q
]
Φi = 0 (3.30)
In terms of the field angles (ψ, θ, φ), this equation reads like(
∂
i∂ψ
− 1
3
τ . L
)
Φ = 0 (3.31)
where the variable ψ might be imagined as a “periodic time component”. The Higgs doublet Φi
and its adjoint conjugate Φ¯k satisfy therefore the Weyl-type equations
H ki Φ
i = 0
Φ¯kH
k
i = 0 (3.32)
living on the real 3-sphere S3 with hermitian Weyl-type operator H as follows
H = τ 0∇0 − 1
3
[
τ zDz + τ+D− + τ−D+] (3.33)
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Thinking about (3.2) as a free field equation of motion on S3 fiber following from an action 
principle δA0 = 0, the corresponding field action A0 of the Higgs doublet (3.1) on the 3-sphere 
leading to this equation reads like
A0 ∼
∫
S3
L0 (4.1)
with Lagrangian density on fiber as
L0 = Φ¯
(
τ 0∇0 − 1
3
τ . D
)
Φ (4.2)
In this formulation, the realization (3.26) of the Higgs doublet appears as the solution of the free 
field equation on the 3-fiber
δL0
δΦ¯
= 0 (4.3)
Below, we shed more light on useful properties of the free action A0 and its extension on S3
implementing mass and interaction terms.
4.1. Free field action and global symmetries
Here we show that, viewed from the space time base of the fibration S3 × R1,3, the above 
action A0 on the 3-sphere should be read as
A0 = GSM
∫
S3
L0 (4.4)
where L0 depends on neutral Higgs 
 and the Goldstone fields and where integration is per-
formed on (θ, φ, ψ). The number GSM is some massive coupling constant required by dimen-
sional arguments; it will be discussed in Section 4.1.2.
4.1.1. Derivation of free action on fiber
To get Eq. (4.4) and its symmetries, we have to make contact between physics of the Higgs 
doublet in R1,3 space time base and its features on the S3 fiber. Space time dimensional argu-
ments show that the Lagrangian density L0 on the fiber S3 and the derivatives ∇0, Dz, D±, given 
by Eqs. (3.18), (3.20), have scaling mass dimensions as follows
[L0] = [Φ¯Φ] = mass2[
Dz,±
]= [∇0]= mass0 (4.5)
This feature can be explicitly exhibited by using the factorization
Φi = 
F i, Φ¯iΦi = 
2 (4.6)
with 
 scaling as mass and where F i is a dimensionless complex field doublet living on the fiber 
S
3 with space time base at the point x. Generally, the field components of the doublet F i depend 
on the angles (θ, φ, ψ) and eventually on dimensionless ratios like
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0
(4.7)
as well as other moduli involving external fields of type ak , bkl and clk of Eqs. (2.13)–(2.15). In 
the language of the harmonics f i and f¯i , we have
F i = F i(f±, f¯±; ξ, . . .), F¯iF i = 1 (4.8)
4.1.1.1. Field equation of F i Using the following properties[
Dz,

]= 0, [D±, 
]= 0, [∇0, 
]= 0 (4.9)
we can put the free Lagrangian density L0 into the form
L0 = 
2F¯
(
τ 0∇0 − 1
3
τ . D
)
F (4.10)
So the free field action A0 on the 3-sphere factorizes like
A0 = M2
2
∫
S3
L0 (4.11)
with
L0 = F¯
(
τ 0∇0 − 1
3
τ . D
)
F (4.12)
describing the “dynamics” of F i and F¯i on the fiber S3 in terms of the harmonic field variables 
f and f¯ . The particular case
F i = f i, F¯i = f¯i (4.13)
corresponds just to the solution of free field equation(
τ 0∇0 − 1
3
τ . D
)
F = 0 (4.14)
4.1.1.2. Symmetries The free field action (4.4) has global symmetries; under the generic 
U(2)  U(1) × SU(2) unitary transformations
Φi → U ikΦk, Φ¯i → Φ¯kUki (4.15)
with U†U = UU† = I , the free action A0 remains invariant provided that[
Dz,U]= 0, [D±,U]= 0, [∇0,U]= 0 (4.16)
that is U ik independent of (θ, φ, ψ). However, if allowing a local dependence of the U ik matrix 
into the Goldstone fields, i.e.,
U = U(θ,φ,ψ) ≡ U(f, f¯ ) (4.17)
the invariance of A0 requires the introduction of extra gauge fields living on the fiber S3. This 
is achieved as usual by replacing the derivatives ∇0 and D by the following gauge covariant 
derivatives on fiber:
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D → D − g V (4.18)
where C0 and V are also UY (1) × SUL(2) gauge field potentials; but living on the compact 
3-fiber. The local symmetry aspect of gauged A0 will be used in Section 5 to approach the 
modeling of effective Higgs field’s interactions.
4.1.2. Coupling constant GSM of Eq. (4.4)
The coefficient GSM in front of Eq. (4.4) is required by dimensional arguments; it is a fi-
nite coupling constant scaling as mass2 in same manner as the Kahler parameter t0 ∼ 
20 of the 
2-sphere in the Hopf fibration (2.9). Below, we study some aspects of this coupling.
4.1.2.1. Higgs doublets and 2-spheres As an heuristic picture on the reason behind the link 
between GSM and Kahler parameter t0, notice that the Higgs waves Φi and Φ¯i involved in the 
building of the free field action A0 on 3-fiber have opposite hypercharges and opposite projec-
tions of isospin as shown on their on shell expressions, namely,
Φ = e i2 ψ ×Ψ↑↓, Φ¯ = e− i2 ψ × Ψ¯↓↑ (4.19)
with
Ψ↑↓ = 

(
cos θ2 e
+ i2 φ
sin θ2 e
− i2 φ
)
, Ψ¯↓↑ = 

(
cos θ2e
− i2 φ
sin θ2e
+ i2 φ
)
(4.20)
Viewed from the S1 circle side of the Hopf fibration
S
1 → S3 → S2
the wave doublet Ψ↑↓ and anti-doublet Ψ¯↓↑ may be then associated with two different 2-spheres 
S
2
ψ and S2−ψ as schematically illustrated in Fig. 1; these 2-spheres are respectively located on S1
circle at positions ψ and −ψ and have a straight distance separation δψ equal to
δψ = 2
| sinψ | (4.21)
Clearly the distance δψ depends on ±ψ positions of the Higgs Ψ↑↓ and anti-Higgs Ψ¯↓↑ on the S1; 
this distance separation is maximal for the particular cases ψ = ±π2 where straight separation 
coincides exactly with diameter.
4.1.2.2. Estimation of coupling GSM A possible interpretation of the massive coupling constant 
GSM comes from the energy scale of the relationship (4.4) which is valid for high energies up 
to the SM scale 
0 assumed, in Subsection 2.1, of order of Higgs VEV. So it is natural to think 
about the magnitude of GSM as of order of the SM energy, i.e.,
GSM = M2 (4.22)
with mass M standing for the particular radius 
0 used in introducing the reduced diameter δ1
and reduced area a1 of (2.11).
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ψ = ±π2 the most distant positions on fiber S1; which is nothing but the diameter of compact fiber. (For interpretation 
of the references to color in this figure legend, the reader is referred to the web version of this article.)
4.1.2.3. Estimation of interaction range κ Along with coupling GSM , we need later on the 
estimation of the interaction range κ of massive gauge fields mediating the interactions between 
the Higgs components on S3. Intuitively, this range should be of order of the diameter of the 
3-sphere; but to formulate this property, let us denote by m the mass of a generic gauge field C
on the 3-sphere; and define the interaction range κ by the following relation
m2 = M2κ (4.23)
allowing to think about κ as the “reduced straight distance” the gauge particle C must travel 
from the position of Φi on the sphere to the position of its adjoint Φ¯i . Near the electroweak 
scale, where 
 takes values around 
0, the interaction range κ may be roughly estimated as the 
diameter δ1 of Eq. (2.12), namely,
κ  δ1 = 2 (4.24)
For higher energies beyond electroweak scale, we have 
  
0 and then the range κ takes very 
large values; see Section 5.2.2 and discussion section for further details.
4.1.2.4. Illustrating example: see also Fig. 1 As illustration of above analysis, let us focus 
on hypercharge sector on S3 by considering the particular case of interaction between Higgs 
doublets Φi and Φ¯i on the S1 circle of the 3-sphere where live the UY (1) symmetry. A quite 
similar analysis may be done for isospin interactions between Φ+ and Φ− components. The 
circle fiber S1 of Hopf fibration of 3-sphere is parameterized by angle ψ ; on this circle the 
doublets Φi and Φ¯i have hypercharges y = 1 and y = −1 (opposite momenta as shown in Fig. 1); 
and so are subject to an attractive interaction.
In gauge theory method, the interaction between these two hypercharge states on S3 is medi-
ated by UY (1) gauge particle C0 living as well on 3-sphere; see Eq. (4.18) to fix ideas and next 
section for explicit details, in particular, Eq. (5.5).
To mediate the interaction between Φi and Φ¯i , the particle C0 has to travel from the ψ -
position of Φi on circle to the (−ψ)-position of Φ¯i . Moreover, it is seen that the most distant 
positions of Φi and Φ¯i correspond to the particular values
ψ(Φ) = ±π , ψ(Φ¯) = ∓π (4.25)
2 2
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 of the 
circle fiber. Thus the reduced distance 2 


0
is the effective interaction range κ of gauge particles 
on the sphere in agreement with (4.24) and Eqs. (2.11)–(2.12).
4.2. Extension of Eq. (4.4)
First, we give the general expression of the possible quadratic terms of the Higgs doublet on 
the S3 fiber; then we study the appropriate ones that lead to the μ2
2 in the Higgs potential Vhiggs
viewed from space time. After that we analyze interactions involving higher power monomials 
in the Higgs doublets.
4.2.1. Mass terms on S3
 fiber
The simplest extension of the free action A0 with Lagrangian density as in (4.2) is given 
by adding extra quadratic terms in the Higgs doublets. This extension leads to the deformation 
A2 =A0 +Am with
Am = M2
∫
S3
Lm (4.26)
and generally Lm as
Lm = bki Φ¯kΦi +
1
2
c¯ikΦ
iΦk + 1
2
cikΦ¯iΦ¯k (4.27)
Here the hermitian bki and the complex cik and its adjoint conjugate c¯ik are dimensionless cou-
pling tensors that may be thought of as external fields to SM; they can be decomposed into an 
isosinglet κ0 and isotriplet κ and c as follows
bki = κ0δki + (κ.τ)ki
cik = (c.τ)ik
c¯ik =
(c∗.τ)
ik
(4.28)
and therefore a total number of 10 real moduli; 4 real and 3 complex.
Notice that not all these moduli are relevant for our study; only the real part of the external 
complex c¯−− which does. Notice also that Lm can be also written in a condensed manner like
Lm = 12
(
Φ¯k,Φ
k
)( bki cik
c¯ik b
i
k
)(
Φi
Φ¯i
)
(4.29)
Exhibiting the hypercharges y carried by the Higgs doublets by setting
Ψ i,y =
(
Φi
Φ¯i
)
, M
k,y′
i,y =
(
bki c
ik
c¯ik b
i
k
)
, Ψ
†
k,y =
(
Φ¯k,Φ
k
) (4.30)
we can put Lm into the form
Lm = 12Ψ
†
k,yM
k,y′
i,y Ψ
i,y (4.31)
Thinking about Mk,y
′
i,y as a mass matrix, symmetry under the U(1) × SU(2) transformations 
(4.15) get broken either partially or totally depending on the directions of κ and c vectors; see 
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gauge field strengths F and G of the UY (1) and SUL(2) gauge symmetry respectively; see, in 
particular, Eqs. (B.21) and (B.27).
An interesting example of such breaking is given by the reduction of UY (1) × SUL(2) invari-
ance on S3 fiber down to UQ(1) generated by Q = Y2 + Tz; and given by the diagonal subgroup 
of the abelian Cartan gauge subsymmetry
UY (1)×UIz(1), UIz(1) ⊂ SUL(2) (4.32)
Explicitly, the breaking corresponds to restricting Lm of Eq. (4.27) to
Lm = 12 c¯−−Φ
−Φ− + hc (4.33)
Splitting the complex c¯−− = ξ − iζ into a real ξ and imaginary ζ components and parameterizing 
these dimensionless parameters as ratios of squared masses like
c¯−− ≡ μ
2
M2
− i μ
′ 2
M2
(4.34)
we end with the two following terms
Lm = μ
2
2M
(
Φ−Φ− + Φ¯−Φ¯−)+ μ′ 2
2iM
(
Φ−Φ− − Φ¯−Φ¯−) (4.35)
The relevant mass term Lm for our study is
Lm = μ
2
2M2
[(
Φ−
)2 + (Φ¯+)2] (4.36)
with μ2 < 0 and M2 as in previous subsection. Notice that this mass term on S3 has no depen-
dence into the Higgs components (Φ+)2 and Φ−Φ+ nor on their adjoint conjugates (Φ¯−)2 and 
Φ¯+Φ¯−; a behavior breaking explicitly gauge symmetry. Notice also that if we think about the 
Φ± Higgs components as given by their free values (3.14), the above relation becomes
Lm = μ
2
M2
[
sin2
θ
2
cos(ψ − φ)
]

2 (4.37)
with a quadratic dependence into the neutral Higgs field 
 that we observe in space time; but 
having a non-linear dependence into the Goldstone fields. Clearly, Eq. (4.37) breaks UY (1) ×
SUL(2) gauge symmetry down to UQ(1); it is manifestly invariant under the electric charge 
operator
Q = Y
2
+ Tz = ∂
i∂ψ
+ ∂
i∂φ
(4.38)
To complete this analysis on Lagrangian building on the 3-sphere, let describe briefly aspects of 
higher order interaction terms; some of these terms will appear later when deriving the effective 
Higgs potential by integrating out the C0 and V massive gauge fields on S3 fiber.
4.2.2. A0 +Am as two leading terms of Atot
From space time view, the quadratic Higgs field action A2 = A0 + Am on the Goldstone 
3-sphere
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∫
S3
L2 (4.39)
with
L2 = Φ¯
(
τ 0∇0 − 1
3
τ . D
)
Φ + μ
2
2M2
[(
Φ−
)2 + (Φ¯+)2] (4.40)
may be interpreted as the two leading terms of a general field action Atot on the fiber S3, namely,
Atot =A0 +Am +Aint (4.41)
The extra Aint involves higher order monomials in the Higgs doublets; say cubic and quartic 
monomials to fix ideas. In this regards notice that not all possible interacting monomial terms 
are relevant for our study; but to complete the picture we think interesting to describe briefly the 
set up of the general form Aint; and turns later on to those interactions leading to Higgs potential 
and to the gauge principle behind their selection. By using Eq. (4.39), we also have
Atot = M2
∫
S3
(L0 +Lm +Lint) (4.42)
with
Lint = biki Φ¯kΦ¯jΦi + b¯kij Φ¯kΦiΦj +
1
2
c¯ijkΦ
iΦjΦk
+ 1
2
cijkΦ¯iΦ¯j Φ¯k + bklij Φ¯kΦ¯lΦiΦj + . . . (4.43)
where biki , c¯ijk and so on are coupling constant tensors; that is external objects to SM but living 
on Goldstone 3-sphere.
Generally, these interaction terms break explicitly the symmetry under the transformations 
(4.15); except the for quartic term with coupling constant like
bklij = λδk(iδlj) (4.44)
and which turns out to be important for us. However, this term can be generated in a natural way 
by extending the SM gauge principle in space time to the fiber S3 as well.
5. Effective potential
In this section, we study the appropriate interacting terms living on S3 fiber and which lead 
to the usual Higgs potential Vhiggs visible in space time. In other words, we derive the explicit 
expression of the interacting field action (4.41)
Aeff =A0 +Am +Aint (5.1)
describing the effective Higgs field interaction terms as encountered in space time formulation 
of SM.
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To model interactions between the Φ± components of the Higgs field doublet on the com-
pact S3, we extend the usual gauge theory method of space time to the 3-sphere. Short-range 
Higgs fields interactions on compact S3 are mediated by “massive” gauge fields V and C0 living 
as well on the fiber S3; see also Eq. (4.18) to fix the ideas.
To be explicit, we first focus on gauge interaction in the UY (1) hyper-sector on 3-sphere; and 
then turn to describe the interactions in the SUL(2) isospin sector on S3.
5.1.1. Hyper-sector on S3
Roughly, the hypercharges YΦ = 1 and YΦ¯ = −1 of the Higgs doublets Φi and Φ¯i of the 
3-sphere create a 3-component hyper-gauge field potential Cη = (C0; C±) as given by Eqs. (4.18)
and (A.6)–(A.7) of Appendix A. As usual, this vector potential obeys gauge symmetry transfor-
mations and is interpreted here as one of the vector fields that mediate the interaction between 
fields F (y) and G(y′) with non-zero hypercharges y and y′. Thus, part of the interactions between 
the fields Φi and Φ¯i is then mediated by hyper-gauge fields Cη.
To get the concrete expression of the interaction on the fiber S3 between the Higgs doublet 
components in the hyper-sector, we start from the free Lagrangian density on the 3-sphere (4.2)
that we rewrite like
Lfree = Φ¯
(
τ 0∇0 − 13τ
aDa
)
Φ (5.2)
Then we require gauge invariance of Lfree under UY (1) gauge transformations extended as well to 
S
3 as in Eq. (4.17); this is achieved by substituting the hypercharge operator ∇0 by the following 
UY (1) gauge covariant one
D0 = ∇0 − g′C0 (5.3)
where g′ is the UY (1) gauge coupling constant; the same coupling seen from the space–time 
side. The modification of ∇0 in Lfree induces an extra term
L1 = Lfree +LuY (1)int (5.4)
with
LuY (1)int = −g′Φ¯C0Φ (5.5)
This interaction has the usual form
LuY (1)int = −g′C0J 0 (5.6)
with UY (1) current on S3 given by
J 0 = Φ¯Φ, [J 0]= mass2 (5.7)
and satisfying the usual conservation law
∇0J 0 = ∂
i∂ψ
J 0 = 0 (5.8)
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Doing the same thing as above for the Iz = ± 12 isospin charges of Φ± components, one gets 
quite analogous relations; but instead of the g′ and the C0 of UY (1), we now have quantities 
involving the SUL(2) gauge coupling constant g and the gauge potential V living on S3. The 
isospin charges create an iso-magnetic gauge field V mediating interactions between the doublet 
components Φ+, Φ−, Φ¯− and Φ¯+.
Starting from Eq. (5.2), gauge invariance under SUL(2) transformations is then achieved by 
substituting the iso-operator τ . D by the following gauge covariant one
τaDa = τa(Da − gVa) (5.9)
with g the SUL(2) gauge coupling constant. This change leads to a deformation of the free field 
Lagrangian density like
L2 = Lfree +Lsu(2)int (5.10)
where the induced interaction term is given by
Lsu(2)int =
g
3
Va.Φ¯τ
aΦ (5.11)
As in the hyper-sector on S3, here also the interaction term can be put into the form
Lsu(2)int =
g
3
V .I (5.12)
with SUL(2) current on S3 given by
Ia = Φ¯τ aΦ (5.13)
This iso-current satisfies the conservation law
D.I = 0 (5.14)
5.2. Effective Lagrangian
Combining above results, the SUL(2) × UY (1) gauge invariant Lagrangian density L on the 
3-sphere describing the interactions between the components of the Higgs doublets reads as
L3 = Φ¯
(
τ 0∇0 − 13τ
aDa
)
Φ − g′C0J 0 + g3 V .
I (5.15)
5.2.1. Short range interactions on sphere
By assuming short range interactions between Higgs doublets on compact 3-sphere mediated 
by massive gauge fields living on the 3-sphere; we have to modify the above Lagrangian density 
L3 by giving masses to C0 and V and dropping out their kinetic terms. This modification reads 
in general like
L′3 = L3 −
m20
2
C20 −
m2v
2
(
V 21 + V 22
)− m23
2
V 23 (5.16)
where m0, mv and m3 are massive parameters as required by dimensional arguments.
On the other hand, seen the kinetic energy of the “heavy” gauge field particles on the fiber S3
are neglected with respect to interacting potential energy, the gauge fields C0 and V behave as 
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nents of V have more a less the same mass mv = m3, then
L′3 = Φ¯
(
τ 0∇0 − 13τ
aDa
)
Φ − g′C0J 0 + g3 V .
I − m
2
0
2
C20 −
m2v
2
V 2
from which we get the following gauge fields equations
C0 = − g
′
m20
J 0, V = g
3m2v
I (5.17)
Putting these relations back into L′3, we obtain the following effective density
L′eff = Φ¯
(
τ 0∇0 − 13τ
aDa
)
Φ + g
′ 2
2m20
(J0)2 + g
2
18m2v
I.I (5.18)
with effective coupling constants proportional to the squares of the gauge couplings and to 
squares of inverse masses of gauge fields on fiber.
5.2.2. Combining results
Adding the quadratic mass term (4.36) living on the S3 fiber, namely,
Lm = μ
2
2M2
[(
Φ−
)2 + (Φ¯+)2] (5.19)
to the above (5.18), we end with the explicit expression of the complete effective Lagrangian
describing the dynamics of the Higgs doublet on the 3-sphere
Leff = Φ¯
(
τ 0∇0 − 13τ
aDa
)
Φ + μ
2
2M2
[(
Φ−
)2 + (Φ¯+)2]
+ g
′ 2
2m20
(J0)2 + g
2
18m2v
I.I (5.20)
This relation is one of the main results of our paper; but before going ahead let us make 
a comment on the parameters m20 and m
2
v appearing in above relations. From the view of the 
3-sphere fiber, these parameters may be interpreted as proportional to interaction ranges ξn on 
the 3-sphere. Following the discussion that lead to (4.23), we have the relations
m20 = M2ξ20 ∼ 〈Φ¯Φ〉
m2v = M2ξ2v ∼ 〈Φ¯Φ〉 (5.21)
where M is as in Eqs. (4.11), (4.22) and the dimensionless ξn’s capturing data on range of the 
interactions. Putting back into (5.20), we obtain
Leff = Φ¯
(
τ 0∇0 − 13τ
aDa
)
Φ + μ
2
2M2
[(
Φ−
)2 + (Φ¯+)2]
+ 1
M2
(
g′ 2
2ξ20
(J0)2 + g
2
18ξ2v
I.I
)
(5.22)
Around the electroweak scale where 〈Φ¯Φ〉 ∼ M2, the range of the interactions is of same 
order of the diameter of the 3-sphere as schematized in Fig. 1. However, at very high energies 
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M2
takes larger and larger values; and so the ξ2n ’s tend to infinity 
as 〈Φ¯Φ〉 approaches Planck scale. Such behavior agrees with common ideas on asymptotically 
free Higgs fields at MPl energy [18].
5.3. Deriving Higgs potential in space time
To obtain the effective potential energy of the Higgs fields viewed from space time side, that 
is the Higgs field potential energy density viewed from the base of the fibration R1,3 ×H with 
the Higgs manifold H∼R+ × S3, we replace the doublet Φi by its free field solution
Φi = 
e i2 ψ
(
cos θ2 e
i
2 φ
sin θ2 e
− i2 φ
)
(5.23)
and put back into Eqs. (5.20) to obtain the explicit field expression of the scalar potential Veff . In
this approximation, the kinetic term L0 vanishes identically, because of (3.2),
L0 = Φ¯
(
τ 0∇0 − 13τ
aDa
)
Φ = 0 (5.24)
and then the effective Leff gets reduced to the sum of the mass term and the interacting ones:
Leff = μ
2
2M2
[(
Φ−
)2 + (Φ¯+)2]+ g2
18m2v
(Φ¯ τΦ)2 + g
′ 2
2m20
(Φ¯Φ)2 (5.25)
By replacing the field doublet Φ by its realization (5.23) as required also by the approximation 
(5.24), we have as well
Leff = μ
2
M2

2 sin2
θ
2
cos(ψ − ϕ)+
(
g′ 2
2m20
+ g
2
18m2v
)

4 (5.26)
Then, using relation (5.1), namely,
Veff = M2Leff (5.27)
we get the explicit expression of the effective potential
Veff = μ2
2 sin2 θ2 cos(ψ − ϕ)+ λ

4 (5.28)
with the remarkable relation between the Higgs self-coupling λ and the gauge coupling constants 
g and g′:
λ =
(
g′ 2
2ξ ′ 2
+ g
2
2ξ2
)
(5.29)
where we have set
ξ ′ = m
2
0
M2
, ξ = 9m
2
v
M2
(5.30)
Observe that Veff depends non-trivially on the fields (θ, φ, ψ); the minimum of Veff with respect 
to these fields is obtained by solving the conditions
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∂ψ
= 0
∂Veff
∂φ
= 0
∂Veff
∂θ
= 0 (5.31)
which read explicitly like

2 sin2
θ
2
sin(ψ − ϕ) = 0

2 sin θ cos(ψ − ϕ) = 0 (5.32)
The appropriate solution for 
 = 0 is given by
ψ = ϕ
θ = π (5.33)
Putting these values back into the above expression of Veff , we obtain
Veff |θ=π,ψ=φ = μ2
2 + λ
4 (5.34)
which is precisely the Higgs potential of the standard model; but with Higgs self-coupling con-
stant λ as in (5.29).
6. Conclusion and discussions
In this paper, we have developed an effective model to approach the free parameters μ2 and λ
of the Higgs potential of the standard model in space time. By thinking about the Higgs doublet 
as given by the solution of a field equation on the Goldstone 3-sphere, we have obtained the 
following results:
First, we have identified the Weyl-type equation satisfied by the Higgs doublet Φi on the 
Goldstone sphere in the free field case(
τ 0
∂
i∂ψ
− 1
3
τ . L
)
Φi = 0 (6.1)
This equation has been interpreted as following from a free field action A0 living on the fibration 
R
1,3 ×H given by (2.20)–(2.21); see Eqs. (4.1), (4.2), (4.4) for the explicit expression of A0 on 
fiber.
Then we have considered the extension of this equation by implementing the particular mass 
term (4.37), breaking the gauge symmetry down to Uem(1), and interaction between Higgs 
components fields on S3 mediated by gauge field potentials C0 and V living on the 3-sphere. 
Assuming short range interactions on compact S3 fiber, we derived the following effective La-
grangian density
Leff = Φ¯
(
τ 0∇0 − 13τ
aDa
)
Φ + μ
2
2M2
[(
Φ−
)2 + (Φ¯+)2]
+ g
2
18m2
I.I + g
′ 2
2m2
(J0)2 (6.2)v 0
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the Φ− and Φ+ components of the Higgs doublet; see also Eqs. (B.21), (B.27) of Appendix B
for an interpretation of μ2 in terms of B0, a particular direction of B = F ∧ G an axial vector 
given by the wedge product of F and G, the gauge field strengths of the UY (1) and SUL(2) gauge 
symmetries on S3 fiber.
By integrating out the angular fields θ , φ and ψ parameterizing the 3-sphere, we obtained the 
usual Vhiggs = μ2
2 + λ
4; but with the relation (5.29) linking the Higgs self-coupling constant 
λ to the squares of the gauge couplings, namely,
λ = g
′ 2
2ξ ′ 2
+ g
2
2ξ2
(6.3)
with ξ and ξ ′ related to the masses m20 and m2v as in Eq. (5.30).
In the end of this study, we would like to add two comments regarding the estimation of λ
at electroweak and Planck scales. Besides remarkable dependence on gauge coupling constants, 
the Higgs self-coupling λ depends as well on interaction range on fiber S3 as discussed in what 
follows.
6.1. ξ and ξ ′ around electroweak scale
Following the discussion of Section 4.1.2 and Eqs. (4.23)–(4.24), the maximal value of inter-
action range at energies around the electroweak scale may be imagined as given by the reduced 
straight distance d1 between the farthest two points on compact S3. This reduced distance is 
nothing but the diameter of the unit 3-sphere; see also Fig. 1 for illustration. Thus, the ξ2 and ξ ′ 2
parameters, given by (5.30), might be naively approximated like in (4.24), that is:
ξ ′ 2  2, ξ2  2 (6.4)
By using this rough estimation, the expression (6.3) of the Higgs self-coupling reduces to
λ  g
′ 2 + g2
4
(6.5)
and, because of the known SM relationship MZ = υ2
√
g′ 2 + g2 giving the mass of the gauge 
boson Z0 in terms of gauge couplings and Higgs VEV, it follows that MZ can be also expressed 
in terms of the self Higgs coupling λ like
M2Z = λυ2 (6.6)
Moreover, substituting this expression back into the other SM formula giving the Higgs mass 
MH = υ
√
2λ, we end with a remarkable relation between the masses of the Higgs and Z0 parti-
cles
MH = MZ
√
2 (6.7)
By using the experimental value MZ ∼ 91 GeV, one can estimate the Higgs mass to
MH = MZ
√
2  128.69 GeV (6.8)
which should be compared to the experimental value Mexp ∼ 126 GeV.H
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Eq. (4.23) shows that generally the parameters ξ and ξ ′ depend on 〈Φ¯Φ〉, which by using 
(5.23), can be expressed in terms of the neutral Higgs field 
; substituting back into (6.3), the 
effective self Higgs coupling λeff becomes a field dependent coupling given by
λeff ∼ g
′ 2 + g2
4
(

0


)2
, M2 = 
20 (6.9)
For the case where 
 is very large with respect to the scale 
0, the Higgs self-coupling tends to 
zero like ( 
0


)2 as the field 
 → ∞; this prediction is in agreement with wide belief suspecting 
that at MPl Plank scale the running Higgs coupling λ(MPl) should vanish; that is a Higgs field 
asymptotically free.
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Appendix
Here, we give three appendices. In Appendix A, we describe aspects of gauge fields associ-
ated with the extension of usual space time UY(1) × SUL(2) gauge symmetry to the Goldstone 
3-sphere S3 in the fibration (2.20)–(2.22). In Appendix B, we study the link between gauge field 
strengths F and G of the UY (1) × SUL(2) gauge symmetry on Goldstone sphere and the mass 
term μ
2
2M2 (Φ
−)2 + hc of the Higgs potential. In Appendix C, we give plots of RG flows of the 
five running couplings of SM.
Appendix A. Gauge fields on S3
We begin by describing useful properties of gauge fields of the UY (1) × SUL(2) gauge theory 
living on the fiber S3. To fix the ideas, we first study the UY (1) hyper-sector; then we turn to the 
SUL(2) isospin one.
A.1. Hyper-sector on S3
First, recall that on 3-sphere with local coordinates (θ, φ, ψ), the hypercharge operator Y is 
realized like
∇0 = ∂
i∂ψ
(A.1)
In terms of the harmonic fields f i and f¯i , the 3-sphere is defined by equation f¯if i = 1 and the 
above operator takes the form
∇0 = f i ∂
∂f i
− f¯ i ∂
∂f¯ i
(A.2)
with
∇0f i = f i, ∇0f¯ i = −f¯ i (A.3)
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∇+ = f i ∂
∂f¯ i
∇− = f¯ i ∂
∂f i
∇0 = f i ∂
∂f i
− f¯ i ∂
∂f¯ i
(A.4)
They obey altogether the commutation relations[∇0,∇±]= ±∇±[∇+,∇−]= ∇0 (A.5)
defining the underlying Lie algebra of SUY (2).
Notice that though SUY (2) group is not a gauge symmetry of the standard model; since only 
its UY (1) subgroup which is involved in the electroweak theory; it might be imagined as a broken 
symmetry that lived at higher energies beyond SM
SUY (2) → UY (1)
To get explicit relations of the hyper-field potentials and their field strengths living on S3, let 
study the general construction as if SUY (2) was a symmetry; then reduce the results to UY (1)
symmetry by switching off undesired gauge potentials. Applying the gauge theory method to 
(A.4) by replacing the above ∇0 and ∇± by the gauge covariant derivatives
∇0 → ∇0 + g′C0
∇± → ∇± + g′C± (A.6)
with C0,± the SUY (2) hyper-gauge field potentials on S3 fiber and g′ the gauge coupling constant, 
the same constant as the one viewed from space time. Then putting back into the commutation 
relations (A.5), we get[∇0 + g′C0,∇+ + g′C+]= ∇+ + g′F+[∇− + g′C−,∇0 + g′C0]= ∇− + g′F−[∇+ + g′C+,∇− + g′C−]= ∇0 + g′F0 (A.7)
with gauge field strengths F0,± satisfying amongst others[∇0,Fp]= pFp (A.8)
By exhibiting both isospin Iz and hypercharges y2 , we can rewrite this field strength like and 
SUY (2) vector as follows
Fp ≡F (0,p), F =
⎛
⎝F (0,+)F (0,0)
F (0,−)
⎞
⎠ (A.9)
Restriction to the gauge symmetry UY (1) consists to drop out the charged gauge field potentials 
(C± = 0) and keep C0; thus we have
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∇± → ∇± (A.10)
from which we learn that hyper-gauge field strength F has indeed two non-zero components as 
follows
F =
⎛
⎝F (0,+)0
F (0,−)
⎞
⎠ (A.11)
A.1.1. Isospin sector on S3
This is the gauge field strength associated with the SUL(2) symmetry group living on the 
3-sphere. The gauge symmetry is generated by[
D+,D−
]= Dz[
Dz,D±
]= ±D± (A.12)
and is realized on the Goldstone sphere like
D+ = f τ+ ∂
∂f
− f¯ τ+ ∂
∂f¯
D− = f τ− ∂
∂f
− f¯ τ− ∂
∂f¯
Dz = f τz ∂
∂f
− f¯ τ z ∂
∂f¯
(A.13)
Following the same approach used for the hyper-sector studied above, the gauge covariantization 
of the derivatives D±,z involves as well three gauge fields V±,z living on the 3-sphere as follows
D+ = D+ + gV +
D− = D− + gV −
Dz = Dz + gV z (A.14)
From these gauge covariant derivatives, we compute the corresponding gauge field strength G[pq]
in terms of V q ; we have[Dz,D+]= D+ + gG+[D−,Dz]= D− + gG−[D+,D−]= Dz + gGz (A.15)
with gauge field strengths Gz,± satisfying[
Dz,Gq]= qGq (A.16)
By exhibiting isospin Iz and hypercharges y2 , we also have
Gq ≡ G(q,0), G =
⎛
⎝ G(+,0)G(0,0)
G(−,0)
⎞
⎠ (A.17)
it behaves as an SUL(2) vector.
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In this subsection we study a link between the massive parameter μ2 of the Higgs potential 
energy density (1.1) and the gauge field strengths F and G considered in Appendix A. To begin 
notice the strictly speaking, the vectors F and G carry different kinds of charges; they trans-
form respectively into the (1, 3) and (3, 1) representations of SUY (2) × SUL(2) group product. 
However, by identifying these two representations, achieved by considering the diagonal coset
SUY (2)× SUL(2)
SU(2)
with abelian factor precisely given by UQ(1) with generator Q = Y2 + Tz, we can build another 
vector B out of the wedge product of F and G, namely,
B = F ∧ G (B.18)
Using Eqs. (A.11), (A.17) giving the expressions of F and G, we have
B =
⎛
⎝ −F (0,−)G(0,0)F (0,−)G(+,0) −F (0,+)G(−,0)
F (0,+)G(0,0)
⎞
⎠≡
⎛
⎝ B−B0
B+
⎞
⎠ (B.19)
Moreover, being a composite gauge covariant field strength on 3-sphere, the above 3-vector B
can couple to Higgs currents,
J =
⎛
⎝J +J 0
J −
⎞
⎠ (B.20)
living as well on S3, with coupling potential energy density given by
Lmass = − J . B (B.21)
If assuming B pointing in the Uem(1) direction preserving the electric charge q = y2 + Iz; that is
B =
⎛
⎝ 0B0
0
⎞
⎠ (B.22)
then the above interaction reduces to
Lmass = −J 0.B0 (B.23)
Substituting the expression of the Uem(1) conserved current J 0 by
J 0 = Φ−Φ− + Φ¯+Φ¯+ (B.24)
we obtain
Lmass = −B0
(
Φ−Φ− + Φ¯+Φ¯+) (B.25)
Comparing this relation with Eqs. (4.33)–(4.36), namely,
Lm = μ
2 [(
Φ−
)2 + (Φ¯+)2] (B.26)2M2
E.H. Saidi / Nuclear Physics B 893 (2015) 158–186 185Fig. 2. Evolution of SM gauge couplings as a function of the renormalization scale μ¯. At Planck scale, we have λ(MPl) →
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we end with the following identification
B0 = − μ
2
2M2
(B.27)
Appendix C. RG flows of SM couplings
In UY (1) × SUL(2) standard model, the various couplings are not exactly constants; they are 
running couplings depending on scale energy with evolution described renormalization group 
(RG) equations. The behavior of the evolutions of SM couplings have been subject to big interest 
during decades and are known with good precisions; some of them up to 3-loop corrections; for 
reviews see [6,7,19]. The plot of the RG curves of these coupling describing the RG evolution 
are as reported in Fig. 2.
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